Let ξ be a non-zero real number, and let a = p/q > 1 be a rational number. We denote by U (a, ξ) and L(a, ξ) the largest and the smallest limit points of the sequence of fractional parts {ξa n }, n = 0, 1, 2, . . . , respectively. A possible way to prove Mahler's conjecture claiming that Z-numbers do not exist is to show that U (3/2, ξ) > 1/2 for every ξ > 0. We prove that U (3/2, ξ) cannot belong to [0, 1/3) ∪ S, where S is an explicit infinite union of intervals in (1/3, 1/2). This result is a corollary to a more general result claiming that, for any rational a > 1, U(a, ξ) cannot lie in a certain union of intervals. We also obtain new inequalities for the difference U (a, ξ) − L(a, ξ). Using them we show that some analogues of Z-numbers do not exist.
Introduction
Let ξ be a non-zero real number, and let a > 1 be a rational number. Throughout, we will write a = p/q, where p > q ≥ 1 are two relatively prime integers. Although the sequence of fractional parts {ξa n }, n = 0, 1, 2, . . . , was studied on many occasions (see, e.g., [13, 18] for the first two classical results), its distribution in [0, 1) remains an unsolved problem. The case of a = 3/2 is of additional interest not only because it is the "simplest" such number which is not an integer, but also because of its remarkable connection with Waring's problem (see, e.g., [17] ). According to the definition of Mahler [14] , the number ξ > 0 is called a Z-number if 0 ≤ {ξ (3/2) n } < 1/2 for every non-negative integer n. Although Mahler himself attributed this question to an undisclosed Japanese mathematician (see [14, p. 313 Note that the case when a is an integer and ξ is a rational number is the only case (among rational a > 1) when the distribution of the sequence {ξa n }, n = 0, 1, 2, . . . , is well understood. It is easy to see that then the fractional parts {ξa n }, n = 0, 1, 2, . . . , form a periodic sequence taking only finitely many values.
Hence it is natural to assume that the number ξ is irrational if a is an integer. See [3, 8] for some results in this case.
Since {b} = 1 − {−b} for every non-integer real number b, we have U (a, ξ) = 1 − L(a, −ξ) and L(a, ξ) = 1 − U (a, −ξ) for every rational a > 1 and every real ξ = 0 which is, in addition, irrational if a is an integer.
A remarkable progress towards Mahler's conjecture was made by Flatto, Lagarias and Pollington [10] . They showed that if a = p/q is a rational number but not an integer then U (p/q, ξ) − L(p/q, ξ) ≥ 1/p for any ξ > 0. Some further results in this direction have been obtained recently by Bugeaud [2] and by the author [7] (see also [1, 19, 20] ). Pollington [15] proved earlier that there exist ξ > 0 such that L(3/2, ξ) ≥ 4/65 and U (3/2, ξ) ≤ 61/65. (See also [4-6, 10, 16] for the construction of ξ for which the fractional parts {ξa n }, n = 0, 1, 2, . . . , all lie in short intervals.)
So one way to show that they do not exist is to prove the inequality U (3/2, ξ) > 1/2 for all ξ > 0. We begin with the following:
Note that Theorem 1 is the main result of [10] if a is not an integer. If a is an integer then the inequality U (a, ξ) − L(a, ξ) ≥ 1/p = 1/a is sharp. For instance, by considering the Liouville number ξ = ∞ m=1 a −m! , we see that L(a, ξ) = 0 and U (a, ξ) = 1/a. Evidently, for any integer a and some rational ξ, e.g., ξ = 1, we have U (a, ξ) = L(a, ξ) = 0, so the condition that ξ is irrational if a is an integer cannot be removed. It seems very likely that the inequality of Theorem 1 is not sharp when a is not an integer. However, even a small step towards its improvement seems to be a very difficult problem. We will discuss it and give more details below and then in Sec. 4. Note that, by Theorem 1, we have U (a, ξ) ≥ 1/p. In this paper, we shall introduce the sets S(a) and T (a), which are some explicit infinite unions of disjoint intervals satisfying S(a)∩T (a) = ∅ and S(a)∪T (a) ⊂ (1/p, min{2/p, 1/q}). We will show that U (a, ξ) cannot belong to S(a). Combining with the inequality U (a, ξ) ≥ 1/p, this yields that U (a, ξ) / ∈ S(a) ∪ [0, 1/p). Moreover, we will sharpen the inequality of Theorem 1 in case U (a, ξ) belongs to T (a).
For a = p/q, set
and
for an infinite union of non-overlapping intervals. Clearly, 
On applying this theorem to a = 3/2 we obtain the following corollary which can be considered as a step towards Mahler's conjecture. Note that, by (2) , (3), we have k(3/2) = 3 and
Corollary 3.
For any ξ = 0, the largest limit point U (3/2, ξ) of the sequence {ξ(3/2) n }, n = 0, 1, 2, . . . , cannot belong to the set only. These arguments also give a new proof of Theorem 1 whose version in [10] was obtained using deeper methods involving a careful dynamical study of both integral and fractional parts. Our proof of Theorem 1 is based on three simple lemmas and is completely self-contained. Put
By (1), we see that
Our next theorem improves the bound 1/p of Theorem 1 in case we know that U (a, ξ) ∈ T (a).
Theorem 4.
Let a = p/q > 1 be a rational number, gcd(p, q) = 1, and let ξ = 0 be a real number which is, in addition, irrational if a is an integer. Let k ≥ k 1 (a) be an integer. If
By (1), Theorem 4 asserts that
In particular, it is strictly greater than 1/p, so the inequality (4) is stronger than the inequality of Theorem 1.
Combining Theorem 2 which asserts that
In particular, set
Then k(3/2) = 3 and k 1 (3/2) = 4. We have the following:
In Sec. 4, as an application of Corollary 5, we will extend the result of Bugeaud [2] concerning an analogue of Z-numbers defined over shorter intervals. The proofs of the theorems will be given in Sec. 3. However, we begin with some auxiliary results.
Preliminary Results
Recall that a = p/q, where p > q ≥ 1 are relatively prime integers. Fix ξ = 0.
In connection with the study of integral parts of powers initiated in [11] (see [12, Problem E19]) we proved earlier [9] (see also [7] ) a slightly more general result than Lemma 6 below. Nevertheless, its short proof will be given here once again for the sake of completeness. 
is an integer for every t ∈ N. This can only happen if ξ is a rational number. So it suffices to prove the lemma for rational ξ and non-integer a. By the same argument, the fractional parts {ξ(p/q) n } at n ∈ N take a fixed value κ ∈ [0, 1) at most finitely many times, unless q = 1, i.e. a is an integer, and ξ is a rational number. Indeed, if {ξ(p/q) n } = κ for n ∈ N , where N is an infinite set of positive integers, then ξ(p/q) m ((p/q) n−m − 1) ∈ Z for certain fixed m ∈ N and infinitely many n ∈ N . By applying the same argument as in Lemma 6, we conclude that ξ ∈ Q and q = 1, i.e. a is an integer.
Recall that Proof. In the first case there is a letter corresponding to some fixed negative s which occurs infinitely often. Then y n+1 − y n = (a − 1)y n − s/q ≥ 1/q for infinitely many n ∈ N. Hence U (a, ξ) − L(a, ξ) ≥ 1/q. If the letter A s , where s ≥ 1, occurs infinitely often then there are infinitely many indices n for which y n+1 = ay n − s/q. It follows that y n ≥ s/aq = s/p, so U (a, ξ) ≥ s/p. This inequality applied to s ≥ 2 and to s = 1 finishes the proof of the lemma.
Note that Lemma 7 implies that the inequality U (a, ξ) ≥ 1/p holds for any pair a, ξ satisfying the hypotheses of Theorem 1. Indeed, assume that U (a, ξ) < 1/p. Then, by Lemma 7, the operations A s , s = 0, cannot occur starting from a certain place. Hence the sequence from a certain place onward must be A ∞ 0 , which is impossible by Lemma 6. In particular, for a = 3/2, we have U (3/2, ξ) ≥ 1/3 for any ξ = 0.
We conclude this section with the following lemma which will be a key result in the proof of Theorem 1. Proof. Evidently, n ≥ 2. Let us divide the sequence into a sequence of consecutive blocks of length N. Assume that X 1 , . . . , X s are all possible blocks of this sequence that occur infinitely often, where X i = X j for i = j. This means that, starting from a certain place onward, the sequence of blocks is of the form X i1 X i2 X i3 . . . , where i 1 , i 2 , i 3 , . . . ∈ {1, . . . , s}.
Lemma 8. Assume that an infinite sequence of letters of a finite alphabet
We claim that, starting from certain place, each block X t , where t ∈ {1, . . . , s} has a unique predecessor. Indeed, if, say X i X t and X j X t , where i = j, both occur infinitely often then the proof is finished, because X i X t and X j X t contain certain blocks B u X and B v X with u = v and some X of length N, respectively. Suppose that the unique predecessor of X 1 is X t1 , the unique predecessor of X t1 is X t2 , and so on. In the sequence t 0 = 1, t 1 , t 2 , . . . ∈ {1, . . . , s} some element appears twice, say t i = t j , where i < j. By the above, the sequence t i , t i+1 , t i+2 , . . . is purely periodic. It follows that the sequence of blocks from a certain place onward is an infinite repetition of the block X tj+1 · · · X ti+1 X ti , so the initial sequence of letters of B is ultimately periodic, a contradiction.
Proofs
Proof of Theorem 1. By Lemma 7, we can assume that, from a certain place onward, the sequence contains the letters A 0 , A 1 , . . . , A p−1 only. This sequence is not ultimately periodic by Lemma 6. Hence, by Lemma 8, for any N ∈ N, there are infinitely many patterns of the form A i X and A j X, where 0 ≤ i < j ≤ p − 1 and where X is a pattern of length N consisting of A 0 , . . . , A p−1 . Clearly, X acts as y → a N y − r N , where r N is a rational number depending on X, so A i X :
Adding these two inequalities we obtain
But N can be chosen as large as we wish,
Note that this proof is not arithmetical and has nothing to do with the fractional parts of rational powers. In fact, for any real numbers α > 1 and β 1 , . . . , β m , we proved the following. Suppose that the sequence z 0 , z 1 
Furthermore, as we observed after the proof of Lemma 6, there are only finitely many indices n for which y n = 0 or y n = min{2/p, 1/q}. So, if U (a, ξ) < min{2/p, 1/q} then, for n sufficiently large, the letter A 1 stands at the nth place precisely when y n ∈ (1/p, min{2/p, 1/q}), whereas the letter A 0 stands at the nth place when y n ∈ (0, 1/p).
For simplicity of notation, let us write
For the proof of Theorems 2 and 4, it is sufficient to prove that then 
Alternatively, suppose that the sequence of letters contains only finitely many patterns A 1 A j 0 A 1 for each j ∈ {0, 1, . . . , k − 2}. We assert that then this sequence must be periodic. Take a small positive number ε and an index n ≥ n 0 for which y n ∈ (U (a, ξ) − ε, U (a, ξ) + ε). Here, n 0 is so large that y n < U(a, ξ) + ε for each n ≥ n 0 and there are no patterns of the form A 1 A j 0 A 1 with j ≤ k − 2 which begin at places ≥ n 0 . We claim that the pattern of letters starting at nth place must be 
So this block cannot be
So to those intervals found by Bugeaud we can add
). Of course, this gives another infinite union intervals for u, where Z(u, u + 1/3)-numbers do not exist. Consequently, to those intervals found by Bugeaud [2] one can also add the collection of intervals
where Z(u, u + 1/3)-numbers do not exist. Finally, we will show how, by the same argument as above, one can prove that U (3/2, ξ) cannot belong not only to S = S(3/2) (see Corollary 3) but also to other intervals lying in (1/3, 1/2). Theorem 4 below can be easily extended to U (a, ξ) with a rational a > 1.
Let k 1 , . . . , k s ≥ 2 to be some positive integers,
In particular, R = {1} if s = 1. Let ν j = 1 if j ∈ R and ν j = 0 otherwise. Set r 0 = 0 and
for j = 1, 2, . . . , k. Put
Finally, assume that
for j = 1, . . . , k − 1, and
for j = 0, 1, . . . , k − 1. Note that, by (5), (6) and (8) Proof. We already know that if U (3/2, ξ) < 1/2 then, starting from a certain place, the sequence of letters contains only A 1 , A 0 , but A 2 1 cannot occur, because y n < 1/2. Furthermore, the nth letter must be A 1 if y n ∈ (1/3, 1/2) and A 0 if y n ∈ (0, 1/3). We shall consider the pattern Suppose that P j is the beginning of P k of length j ≤ k. Since A 1 : y → ay − 1/q and A 0 : y → ay, by (5), we see that P j acts as a map y → (3/2) j y − r j . In particular, by (6), we have u k = (3/2) k u k − r k , so P k : y → (3/2) k y − r k maps u k to itself.
Assume that u k < v k and U = U (a, ξ) ∈ (u k , v k ). Fix a small positive number ε. We claim that if n is so large that y n ∈ (U − ε, U + ε) ⊂ (u k , v k ) and y m < U + ε for each m ≥ n, then the pattern of letters starting at nth place must be P ∞ k . This is a contradiction with Lemma 6, so U cannot lie in (u k , v k ), which is the assertion of the theorem.
Indeed, note that P k maps such y n > u k to y n+k = (3/2) k y n − r k > y n . Hence y n+k ∈ (U − ε, U + ε). So it suffices to prove that we have one block P k starting at nth place and then apply the same argument again. For a contradiction, suppose that, starting at nth place, we have a pattern of length L = k 1 + · · · + k s different from P k . If y n were equal to u k then the pattern of length L starting at nth place would be P k , because, by (6) and (7), P j (u k ) = (3/2) j u k − r j < u k for j < k and P k (u k ) = u k . However, y n is greater than u k , so P j (y n ) > P j (u k ). Consequently, the only reason that the block of length L starting at nth place would be different from P k is that after applying certain
